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1. INTRODUCTION

BuovaNcy-DRIVEN flows in vertical fully-saturated porous
slots of high aspect ratios are exemplary cases for the study of
non-Darcian effects. In the present paper, Brinkman’s
extension and the time-dependent and quadraticinertia terms
(the latter suggested by Forchheimer) are used to modify the
Darcy-Boussinesq equation. The resulting non-Darcian
model is similar to the one implemented by Vafaiand Tien [1],
and Vafai [2] for forced boundary-layer convective flow and is
identical to that introduced by Georgiadis and Catton [3] for
the study of free convective flow in porous layers. The inertial
and no-slip effects have been investigated independently in
buoyancy-driven boundary-layer flows [4-6]. Our objective
is to study the influence of both these effects simultaneously.
Linear stability analysis of the Darcian basic flow shows thatit
is unstable when inertial terms are included. Gill [ 7] found it
globally stable when the latter terms are absent.

2. FORMULATION OF THE PROBLEM
AND THE BASIC FLOW

The physical situation is depicted in Fig. 1. The space
between the vertical isothermal walls is filled with
consolidated porous material (of permeability y, porosity eand

inertial constant b) and saturated with an incompressible fluid
(of viscosity v and density p). Using T, = (To+Ty)/2 as a
reference temperature, the nondimensional governing

equations become
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with the following boundary conditions
y=1: V=W=0, T=1,
. v W _ @
y=~1: V=W=0, T=-1.

The vertical extent of the parallel plates is much larger than
their spacing 2L so the flow is fully developed. The geometry of
the flow domain suggests unidirectional basic flow with an

NOMENCLATURE

b inertial constant in equation (11) (0] amplitude of the disturbance temperature in
¢ specific heat equation (18)
é (complex) phase speed, ¢, +i¢, K (inverse) Darcy number, ¢L.2/y
d bead diameter A (inverse) Cozeny—-Kéarman number, cbL/y
g gravitational acceleration in the z direction v kinematic viscosity of infiltrating fluid
Gr Grashof number, sgfATL3/v? p fluid density
Gr modified Grashof number, GrA/K? T Fourier transform of the disturbance temperature,
k thermal conductivity of the porous medium equation (23)
L slot semi-width ] amplitude of disturbance streamfunction in
P pressure of the interstitial fluid equation (18)
Pr Prandtl number, v(pc)/k,, k 4 disturbance streamfunction
q basic velocity, magnitude of velocity Q heat capacity ratio, (p¢)/(P€)m-
t time
T temperature Subscripts
AT temperature difference, (T;;— Tp)/2 C cold
V,W  horizontal, vertical velocity components, f fluid

respectively H hot
v,z horizontal, vertical Cartesian coordinates, m porous medium

respectively. 0 reference.

Greek symbols Superscripts

o vertical wavenumber in equation (18) * infinitesimal disturbance,
B volumetric thermal expansion coefficient
¥ porous medium permeability defined by Special symbols

equation (11) D z-derivative
& porosity ) horizontal average over slot width.
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Fi1G. 1. The physical domain.

antisymmetric velocity profile (zero net flow). Assuming that
we have upflow near the hot wall (y = 1) we study the
convective flow field in the domain y = [0, 1]. The governing
equations reduce to

dZ

A Gr T+Kg+Ag? )
dy
1 &
= ©
Pr dy

with the boundary conditions

T =0, T(H)=1 g0 =qgl)=0 Y]

The solution to the energy equation is trivial (linear
conduction profile). The momentum equation then yields

d%g R

—— = —Gry+Kg+Aq™ (8)

dy
The degenerate boundary value problem that results from (8)
when we neglect the second-order term gives Forchheimer’s
profile

. qg 1
(Forchheimer) =

(-1+/4Gry+1) (%)

(9b)

It is obvious from (8) that the momentum boundary-layer
thickness at y = 1 is of order O(K ~*/%). We can easily see that
the shape of the velocity profile depends only on the
dimensionless parameters K and Gr and also that
Forchheimer’s solution remains always smaller in amplitude
than

¥

w

with g, =Gr/K and Gr= Gr A/JK%

4y (10)

w

(Darcy)

The method of false transients is applied to solve the boundary
value problem, equations (7) and (8). The semi-linear false
transient equation for the velocity is integrated with a semi-
implicit central-difference scheme on a uniform mesh. The
Forchheimer profile given by (9) serves as an initial guess.
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3. NUMERICAL RESULTS AND DISCUSSION

A fully-saturated packed bed is used to model the porous
medium. The porous matrix consists of spherical beads of
diameter d = 3 mm, packed in a vertical layer of thickness
2L =20 cm and saturated with water at T, = 71°C. We
assume that the porosity ¢ = 0.371 remains constant from wall
to wall and use the following estimates for the permeability
and inertial coefficient respectively :

a*¢? h e
y= e - = 175
150(1 —¢&)?

p T e j“;
Setting AT = 26°C, we obtain the following values for the
physical parameters

Gr=337x10%, K =479x10°. A = 2.66x10%

The boundary value problemis solved using a stepsizeof 10 *
and the velocity profile g = g(y)is given in Fig. 2. The two non-
Brinkman profiles are also superimposed, Forchheimer (9)
(marked by Gr =0.39) and Darcy (10). The solution of
equations (7) and (8) is almost indistinguishable from
Forchheimer’s except near the solid boundary where the
former has a boundary layer of thickness ~0.007. It is there
that the viscous (Brinkman) term becomes important. For
Gr = 0.0039 (which corresponds to a Grashof number 100
times smaller) Darcy, Forchheimer and the computed non-
Darcian profile {open triangles in Fig. 2) agree everywhere
except in a boundary layer of thickness ~0.01. In such thin
boundary layers Brinkman’s model remains applicable for
two-dimensional flows only, see ref. [ 1] for discussion of the
proper averaging process. The net mass upflow decreases as
the deviation from the Darcian profile increases with the
modified Grashof number Gr which is proportional to the
product of Gr and the square of Darcy number based on L.
This dimensionless parameter has also been used in ref. [4]
and in a slightly different form in ref. [5] to describe the
deviation from the Darcian flow.

6r=3.37X10%, K=4.79X10°
O A=2.66X102, y=7.74X10-9 m?

v 10-2Gr, y
o 10-26r, 102 y

éj 1.0

¢ 10°4Gr, 102y
oz 107'Gr, 102 y

10-%Gr, 10* y
® 10-%Gr, 104y
= 107%Gr, 10% vy

_ pARCY

profite, aly)/g{Darcy at wall)

velDGity

0.0 0.5

channel semi—width,y

F1G. 2. The computed non-Darcian velocity profiles.
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The no-slip effect becomes important only at higher values
of permeability. Considering porous materials with per-
meabilities 102 and 10* times larger than our packed-sphere
bed (e.g. foam metal) we show in Fig. 2 that, although the
computed velocity profiles agree with Forchheimer’s solution
at the core region, they have boundary layers of thickness
which increases with permeability. In [6] it is shown that the
important parameter for the validity of the Darcian law is the
product of the Darcy number and the Darcy-Rayleigh
number divided by the aspect ratio of the porous enclosure.
Our specific geometry has infinite aspect ratio and therefore it
is only the momentum boundary layer that is affected. More
specifically, the momentum boundary-layer thickness agrees
very well with the a priori estimate of O(K~'?), or
equivalently, the square root of the Darcy number, cf. Vafai
and Tien [1]. For the constant porosity porous medium we
studied, the no-slip effect is negligible for values of K > 10°
based on a boundary-layer thickness of less than 109, of L.

4. STABILITY OF THE BASIC STATE

Assuming that Squire’s theorem applies since there is no
basic vertical temperature gradient, it suffices to examine the
stability of two-dimensional infinitesimal disturbances being
superimposed on the basic flow field defined in the domain
—1 < y<1, —o0 <z < 0. Then the linearized form of the
governing equations for the disturbance field becomes

o +0W* =0 (12)
dy 0z
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By introducing the disturbance streamfunction we obtain
from (13) and (14)

Q ot

0 oT* 0 ov*
— V2¥* = Gr ———KV?P*—2A — —_
ot r dy dy <|‘1| 6y)
Zw*
—Algl =+ V*P*. (16)
0z
The energy equation yields
10T 8¥* oT* 1 [(&°T* &°T*
— - q =—\—=+—=) @7
Q ot 0z 0z Pr\ dy 0z

The disturbance quantities can be decomposed into Fourier

components
{‘P*(Y, Z)} — {(D(y)} eia(z—t’!)
.2 8y) '

Then the momentum and energy disturbance equations (16)
and (17), respectively, yield

—iaé(D? —a?)® = Gr DO —K(D?*— o)

(18)

—2A % (IgD®)+ Ao®|q|®+(D*—a?)?® (19)

1 1
— — i@ —ia® +iag® = — (D?—a?)® (20)
Q Pr
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with the following boundary conditions

®=DO=0=0 at y=1,—1. 1)

Multiplying (19) by the complex conjugate ®, averaging
over the channel width, integrating by parts using the
homogenous boundary conditions (21) and taking the real
part, we obtain

ac,{ DD} + & ®|?) = — Gr real (DOD)
—K(D®* +o22|®[*) — A 2lg} (DD + «?|q| 10*>
—D*=a)®*>. (22)

In order to evaluate the rate of gain of disturbance kinetic
energy [first term on the RHS of (22)] we need to assume a
Fourier series expansion for the (complex) disturbance
temperature field

Oy = Y nue*™ for —1<y<L

k=-o

23

Solving then for ® from (20), taking the complex conjugate,
multiplying with D® and averaging similarly over the width

>

¢ o i .
real (DOP) = —x (5+E> k=z—:w k1, T,
k#0
+ D@y Y ki (24
2 P Pl Tl
k¥0

We have examined only antisymmetric basic flow and it
makes sense to study its stability to symmetric or
antisymmetric disturbances. In that case, by using (23), we can
prove that 7,7, = 7_,7_, and thus equation (24) reduces to

1

—real (<DO®) = 3 {I®]*Dq) (25)

which is positive definite if we consider Darcy’s profile (10)

where Dg = Gr/K. With the above simplification, the RHS of

(24) becomes positive definite for values of Gr > Gr_;,. This
implies

D¢2 2 2 1/2

¢>0 with Gr, =K {2 w} , (26)

18>

i.e. the basic flow becomes unstable with respect to single or
double row counterrotating roll-type disturbances, see Fig. 1.
This result can be juxtaposed with Gill’s [7] suggestion that
the stability analysis has to be performed on a set of
disturbance equations that include the inertia terms. We show
that the presence of the time derivative in the motion equation
is adequate.
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